Abstract Schläfli (J. Reine Angew. Math. 72, 360-369, 1870) has established modular equations involving kk and λλ for degrees 3, 5, 7, 9, 11, 13, 17, and 19. On pages 86 and 88 of his first notebook, Ramanujan recorded 11 Schläfli-type modular equations for composite degrees. In this paper, we establish several new Schläfli type mixed modular equations for composite degrees by elementary algebraic manipulations which are analogous to those recorded by Ramanujan.
Introduction
Following Ramanujan, let (a; q) ∞ denote the infinite product 
where 0 < k < 1. Set K = K(k ), where k = √ 1 − k 2 is the so called complementary modulus of k. It is classical to set q(k) = e −πK(k )/K(k) so that q is one-to-one increasing from 0 to 1.
In the same manner introduce L 1 = K( 1 ), L 1 = K( 1 ) and suppose that the following equality
holds for some positive integer n 1 . Then a modular equation of degree n 1 is an algebraic relation between the moduli k and 1 which is induced by (2) . Following Ramanujan, we set α = k 2 and β = 2 1 , then we say β is of degree n 1 over α. The multiplier m is defined by
for 3 , and L 3 denote complete elliptic integrals of the first kind corresponding, in pairs, to the moduli √ α, √ β, √ γ , and √ δ, and their complementary moduli, respectively. Let n 1 , n 2 , and n 3 be positive integers such that n 3 = n 1 n 2 . Suppose that the equalities
hold. Then a "mixed" modular equation is a relation between the moduli √ α, √ β, √ γ , and √ δ that is induced by (4) . We say that β, γ , and δ are of degrees n 1 , n 2 , and n 3 , respectively, over α. The multipliers m = K/L 1 and m = L 2 /L 3 are algebraic relation involving α, β, γ , and δ. Jacobi and Sohncke have established modular equations involving α 1/8 and β 1/8 . Such modular equations are called Jacobi-Sohncke modular equations.
Russell [15] has obtained several modular equations of degrees n = 13, 17, 29, 43, 53, and 59 involving (αβ) 1/8 and {(1 − α)(1 − β)} 1/8 , which are referred to as Russell type modular equations. For example
where β is of degree 3 over α. Schläfli has established modular equations for degrees 3, 5, 7, 9, 11, 13, 17, and 19 involving {4α(1 − α)} 1/24 and {4β(1 − β)} 1/24 . These modular equations are known as Schläfli type modular equations. Weber [18, p. 90] has also established irrational modular equation for composite degrees involving f, f 1 , f 2 , and f 3 , where 1/24 , and f 3 = {4δ(1 − δ)} 1/24 , which are known as Weber type modular equations.
Ramanujan's class invariant G n is defined by
where
Recently, Mahadeva Naika [6] and Mahadeva Naika and Sushan Bairy [10] have obtained several explicit evaluations of class invariants using modular equations.
On pages 86 and 88 of his first notebook [14] , Ramanujan recorded a total of 11 Schläfli-type modular equations for composite degrees. In [13] , Ramanathan observed that one of these 11 equations follows from a modular equation recorded by Ramanujan in Chapter 20 of second notebook. By using the theory of modular forms, Berndt [4] has proved these modular equations. In [1, 2] , Baruah proved these equations by deriving some theta-function identities from Schröter's formulae and using Ramanujan's theta-function identities. Mahadeva Naika and Bairy [11] have also established several new mixed modular equations in the form of Schläfli. For more details one can see [5, 7, 9, 12, 17] .
Motivated by all these works, in this paper, we establish nine new mixed modular equations in the form of Schläfli. We utilize some identities involving ratios of theta-function in establishing these equations.
Preliminary Results
In this section, we list some of the relevant identities which are useful in proving of our results. 
where z := 2 F 1 ( 
α β
where m is the multiplier for degree 5.
and
, then
Mixed Modular Equations in the Form of Schläfli
In this section, we establish several new Schläfli type mixed modular equations. We set 
Proof Equations (9) and (10) can be rewritten as
Equation (19) can be written as
where m :=
and a :=
. In a similar manner, we obtain
Employing (20) and (21) in (12), we deduce that
Collecting the terms containing X on one side of (22) and then squaring both sides, we find that
Isolating the terms containing u on one side of (23) and then squaring both sides, we deduce
Eliminating v from (24), we obtain
Simplifying the above equation (25) after substituting for a and b, we deduce that
From [4, Ch. 34, , we note that for n = 1/25 and using the fact that G n = G 1/n , we have G 1 = 1 and
Employing the values of G 1 and G 25 , we can compute the values of Q and T , then employing the resulting values of Q and T in (26), we find that the first factor vanishes for a specific value of q = e −π/5 , thus by the identity theorem it vanishes identically.
Theorem 2 If α, β, γ , and δ have degrees 1, 5, 5, and 25 respectively, then
Proof From [3, Entry 13 (xiv), Ch. 19, p. 282], we have
. Squaring both sides of (28), we get
Equation (29) can be written as
and r = 2(
In a similar manner, we find that
. Equation (31) can be written as
where Substituting for r, s and then setting AC = P and A C = R, we deduce that
Employing the values of G 1 and G 25 , we can compute the values of P and R, and then employing the resulting values of P and R in (34), we find that the third factor vanishes for a specific value of q = e −π/5 , thus by the identity theorem it vanishes identically.
Theorem 3 If α, β, γ , and δ have degrees 1, 5, 5, and 25, respectively, then
Proof Interchanging β and γ in (27), P remains unchanged whereas R changes to 1/T . Hence, we obtain (35).
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Theorem 4
If α, β, γ , and δ have degrees 1, 5, 4, and 20 , respectively, then
Proof Replacing q by q 4 in (20), m and a changes to m and b, respectively, then we arrive at
and b :=
Employing (20) and (37) in the (11), we obtain (36). Since the proof of (36) runs on the same line as the proof of Theorem 1, so we omit the details. 
Proof The proof of (38) is similar to the proof of (27). Hence, we omit the details. 
Proof Interchanging β and γ in (38), P remains unchanged whereas R changes to 1/T . Hence, we obtain (39). (41) in (13), we obtain (40). Since the proof of (40) runs on the same line as the proof of Theorem 1, so we omit the details. Proof Interchanging β and γ in (42), P remains unchanged whereas R changes to 1/T . Hence, we obtain (9).
